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Abstract
The aim of the paper is twofold. At first there is a characterization of those local domains admitting
a birational Macaulayfication. It turns out that a local domain A, quotient of a Gorenstein ring,
possesses a Cohen–Macaulay birational extension B if and only if its canonical module K(A) is a
Cohen–Macaulay module. In this situation it follows that B is isomorphic to the endomorphism ring
of K(A). The second part of the paper is devoted to the question when the canonical module of a
local ring is a Cohen–Macaulay module. There are applications on sequentially Cohen–Macaulay
rings. A large class of rings whose canonical module are Cohen–Macaulay is given by the simplicial
affine semigroup rings. As a technical tool there is a spectral sequence related to the duality with
respect to the dualizing complex.
 2004 Published by Elsevier Inc.
1. Introduction
Let (A,m) denote a local domain. One motivation of the present paper is the following
question:
Does there exists a birational extension ring A ⊆ B ⊆ Q (Q denotes the field of
quotients) such that B is finitely generated as an A-module and a Cohen–Macaulay
ring?
E-mail address: schenzel@mathematik.uni-halle.de.0021-8693/$ – see front matter  2004 Published by Elsevier Inc.
doi:10.1016/j.jalgebra.2003.12.016
752 P. Schenzel / Journal of Algebra 275 (2004) 751–770We call such an extension ring a birational Macaulayfication of A (cf. Definition 5.1).
While for a large class of two-dimensional domains such a birational Macaulayfication
exists it does not exist in general (cf. Remark 5.2). As one of the main results we prove the
following characterization.
Theorem 1.1. Let (A,m) denote a local domain. Suppose that A is the factor ring of
a Gorenstein ring S. Let K(A) = ExtcS(A,S), c = dimS − dimA, denote the canonical
module of A. Then A possesses a birational Macaulayfication B if and only if the
canonical module K(A) is a Cohen–Macaulay module. Moreover, in this case B is
uniquely determined up to isomorphisms and B  HomA(K(A),K(A)).
In case that A is a Cohen–Macaulay ring, it is well known that the canonical module
is a Cohen–Macaulay module (cf., e.g., [9]). The converse is not true. Recall that any
two-dimensional local ring with canonical module K(A) has the property that K(A)
is a Cohen–Macaulay module. The author does not know a necessary and sufficient
characterization of the Cohen–Macaulayness of the canonical module in terms of intrinsic
data of the underlying ring A. So we call a local ring with the property that its
canonical module is a Cohen–Macaulay module a canonically Cohen–Macaulay ring (cf.,
Definition 3.1). The importance of this notion has to do with another subject.
In his book (cf. [20]) Stanley introduced the notion of sequentially Cohen–Macaulay
modules. This was done independently (cf. [18]) by the notion of Cohen–Macaulay filtered
modules. That means, the dimension filtration {Mi} of M (consisting of all maximal
submodules Mi such that dimMi  i) has the property that the quotient Mi/Mi−1 is
either zero or an i-dimensional Cohen–Macaulay module. Let A be the factor ring of
a Gorenstein ring S with s = dimS. Then the modules of deficiencies are defined by
Ki(A) = Exts−iS (A,S), 0  i  dimA. Note that Kd(A) = K(A), d = dimA, is the
canonical module. In [20, p. 87] the following characterization is announced: A is a
sequentially Cohen–Macaulay ring (equivalently A is Cohen–Macaulay filtered) if and
only if Ki(A), 0  i  d , is either zero or an i-dimensional Cohen–Macaulay module.
This is improved (cf. [19]) where it is shown that A is sequentially Cohen–Macaulay if
and only if Ki(A), 0 i < d , is either zero or an i-dimensional Cohen–Macaulay module.
So there is another sufficient condition for A being canonically Cohen–Macaulay. In the
present paper this point of view is pursued further. For the next result let uM(N) denote
the unmixed part of the submodule N of M .
Theorem 1.2. Let M denote an unmixed d-dimensional A-module with the property that
depthKi(M) i − 1 for 1 i < d .
(a) Ki(M), 1 i < d , is either zero or an (i − 1)-dimensional Cohen–Macaulay module
and K(M) is a Cohen–Macaulay module.
(b) There is a short exact sequence
0 → M → K(K(M))→ u(xM)/xM → 0,
for a non-zero divisor x ∈ AnnK(K(M))/M .
(c) The A-module uM(xM)/xM is a Cohen–Macaulay filtered A-module.
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duality. Note that by a result of Kawasaki (cf. [12]) a local ring (A,m) possesses a
dualizing complex D·A if and only if A is the factor ring of a Gorenstein ring S. In this
case there is an isomorphism D·A  R HomS(A,S)[dimS]. The details about the spectral
sequence are summarized in Section 4. In Section 2 we start with some preliminaries
related to the modules of deficiencies defined as a measure for the deviation of being
Cohen–Macaulay. Moreover we define a canonical module K(M) for an arbitrary finitely
generated A-module M (cf. also [18]). In Section 3 we introduce the notion of a canonically
Cohen–Macaulay module (CCM for short). There are some basic permanence properties.
In Section 5 we investigate the problem of birational Macaulayfications. There is also the
proof of Theorem 1.1. In Section 6 we study affine simplicial semigroup rings. This is a
large class of CCM rings in general not Cohen–Macaulay. A particular class is the case of
codimension 2, where we get additional information on the Cohen–Macaulayness of the
modules of deficiencies.
2. Preliminary results
In this section let (A,m) denote a local ring possessing a dualizing complex D·A. That
is a bounded complex of injective A-modules DiA whose cohomology modules Hi(D·A),
i ∈ Z, are finitely generated A-modules. We refer to [8, Chapter V, §2] or to [18, 1.2]
for basic results about dualizing complexes. Note that the natural homomorphism of
complexes
M → HomA
(
HomA(M,D·A),D·A
)
induces an isomorphism in cohomology for any finitely generated A-module M . Moreover,
there is an integer l ∈ Z such that
HomA(k,D·A)  k[l],
where k = A/m denotes the residue field of A. Without loss of generality, assume that
l = 0. Then the dualizing complex D·A has the property
D−iA 
⊕
p∈SpecA
dimA/p=i
EA(A/p),
where EA(A/p) denotes the injectice hull of A/p as A-module. Therefore DiA = 0 for
i < −dimA and i > 0. The following modules were introduced in [17, 3.1], see also [18,
1.2].
Definition 2.1. Let M denote a finitely generated A-module and d = dimA M . For an
integer i ∈ Z, define
Ki(M) := H−i(HomA(M,D·A)).
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Ki(M) are called the modules of deficiency of M . Note that Ki(M) = 0 for all i < 0 or
i > d .
By the local duality theorem, see [8, Chapter V, §6] or [18, Theorem 1.11], there are the
following canonical isomorphisms:
Him(M)  HomA
(
Ki(M),E
)
, i ∈ Z,
where E = EA(A/m) denotes the injective hull of the residue field. Recall that all of
the Ki(M), i ∈ Z, are finitely generated A-modules. Moreover M is a Cohen–Macaulay
module if and only if Ki(M) = 0 for all i = d . Whence the modules of deficiencies of M
measure the deviation of M from being a Cohen–Macaulay module. In the case of (A,m)
the quotient of a local Gorenstein ring (S,n) there are the following isomorphisms
Ki(M)  Exts−iS (M,S), s = dimS,
for all i ∈ Z.
For the next results we want to prove a localization argument for the modules of
deficiencies. This an important technical tool for several applications. Moreover, a finitely
generated A-module M satisfies Serre’s condition Sk , k ∈ N, provided
depthMp min{k,dimMp} for all p ∈ SuppM.
Note that M satisfies S1 if and only if every associated prime ideal of M is minimal. M is
a Cohen–Macaulay module if and only if it satisfies Sk for all k ∈ N.
Proposition 2.2. Let M denote a d-dimensional A-module. The following results are true:
(a) Ki(M)⊗Ap Ap  Ki−dimA/p(Mp) for any p ∈ SuppM .
(b) If dimM = dimMp + dimA/p for some p ∈ SuppM , then (K(M))p  K(Mp).
(c) Suppose that M is equidimensional. Then M satisfies the condition Sk if and only if
dimKi(M) i − k for all 0 i < dimM .
The proof is well known (cf. [18, Lemma 1.9]). By the previous result the canonical
module K(M) of M is a Cohen–Macaulay module provided M is a Cohen–Macaulay
module. Recall that a Cohen–Macaulay module M satisfies any Sk -condition for k  0. So
that all of the modules of deficiency vanish by Proposition 2.2.
For an arbitrary A-module X and an integer i ∈ N let
(AssAX)i = {p ∈ AssA X | dimA/p= i}.
We continue with a few more results concerning the structure of the modules of
deficiencies.
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true:
(a) dimA Ki(M) i for all 0 i < d and dimA K(M) = d .
(b) AssA K(M) = (AssAM)d .
(c) (AssA Ki(M))i = (AssA M)i for all 0 i < d .
(d) K(M) satisfies S2.
Proof. The first statement is an immediate consequence of Proposition 2.2. For the proof
of the other claims, we refer to [17, 3.1.1 and 3.2.1] and [18, Lemma 1.9]. 
In the following we will consider the behavior of the modules of deficiency by generic
hypersurface sections. That is we will consider the relation of Ki(M) and Ki(M/xM) for
a certain element x ∈m. To this end we put M := M/H 0m(M), where H 0m(M) denotes the
0th local cohomology module of M .
Proposition 2.4. Let x ∈ m denote an M-regular element. Then there are short exact
sequences
0 → Ki+1(M)/xKi+1(M) → Ki(M/xM) → 0 :Ki(M) x → 0
for all integers i  0.
Proof. There is the following short exact sequence
0 → 0 :M x → M x→ M → M/xM → 0
induced by the multiplication by x . Since x is M-regular it follows that 0 :M x ⊆ H 0m(M).
Therefore 0 :M x has support contained in V (m). The above exact sequence splits into two
short exact sequences
0 → 0 :M x → M → M/0 :M x → 0 and 0 → M/0 :M x x−→ M → M/xM → 0.
The first one induces isomorphisms Ki(M)  Ki(M/0 :M x) for all i  1 and a short exact
sequence
0 → K0(M/0 :M x) → K0(M) → K0(0 :M x) → 0.
By view of the previous isomorphisms, the second short exact sequence induces a short
exact sequence
0 → Ki+1(M)/xKi+1(M) → Ki(M/xM) → 0 :Ki(M) x → 0
for all i  1. That is, in order to finish the proof, we have to prove the existence of such a
sequence in the case i = 0. Moreover, it provides an exact sequence
K1(M) x−→ K1(M) → K0(M/xM) → K0(M) x−→ K0(M/0 :M x)→ 0.
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argument for i = 0. 
An element satisfying the assumptions of Proposition 2.3 is called an M-filter regular
element. Recall (cf. Proposition 2.3) that an M-filter regular element is K(M)-regular.
For some technical reasons used in the paper, the result of Proposition 2.4 suggests the
following definition.
Definition 2.5. Let M denote a finitely generated A-module. An M-filter regular element
x ∈ m is called a strongly M-filter regular element provided it is Ki(M)-filter regular for
all 0 < i < dimM .
The importance of that definition has to do with the short exact sequence in
Proposition 2.4. In the case of a strong M-filter regular sequence it follows that 0 :Ki(M) x ,
0 i < dimM , is always a module of finite length. So there is a good control of the local
cohomology of Ki+1(M)/xKi+1(M) in relation to that of Ki(M/xM) for all i  0.
Of course, one might extend this definition to strong M-filter regular sequences. But
this is not the goal of the present paper. It was independently introduced in the paper [3]
by the name strict f -sequences.
3. Cohen–Macaulay canonical modules
In the second edition of his book [20, p. 87] Stanley introduced the notion of a
sequentially Cohen–Macaulay module. This is done independently in [19] by the different
notion of Cohen–Macaulay filtered modules.
Let (A,m) denote a local Noetherian ring. Let M be a finitely generated A-module and
d = dimA M . For an integer 0 i  d let Mi denote the largest submodule of M such that
dimA Mi  i . Because of the maximal condition of a Noetherian A-module the submodules
Mi of M are well-defined. Moreover, it follows that Mi−1 ⊆ Mi for all 1 i  d . In [19]
this is called the dimension filtration. The A-module M is called Cohen–Macaulay filtered
(or equivalently sequentially Cohen–Macaulay) provided Mi/Mi−1 is either zero or an
i-dimensional Cohen–Macaulay module for all 0 i  dimAM .
The concept of sequentially Cohen–Macaulay rings has been used intensively in the
study of Stanley–Reisner rings (cf. [10]). Assume now again that (A,m) possesses a
dualizing complex. In his book (cf. [20, p. 88]) Stanley has announced a characterization
of sequentially Cohen–Macaulay modules M by the fact that the canonical module K(M)
is a Cohen–Macaulay module and the modules of deficiencies Ki(M),0  i < dimM ,
are either zero or an i-dimensional Cohen–Macaulay module. As one of the main results
(cf. [19, Theorem 5.5]) it was shown that it will be enough to assume that for all 0 
i < dimM the module of deficiency is either zero or an i-dimensional Cohen–Macaulay
module. That is the last condition on the modules of deficiencies Ki(M),0 i < dimM ,
is a sufficient condition for the canonical module K(M) being Cohen–Macaulay.
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A finitely generated A-module M is called a canonically Cohen–Macaulay module (CCM
module) provided the canonical module is a Cohen–Macaulay module.
There are several sufficient conditions (cf. Example 3.2) for the canonical module
K(M) to be a Cohen–Macaulay module. But as far the author knows, there is no necessary
and sufficient condition available.
Example 3.2. (a) Any Cohen–Macaulay module M is also a CCM module. So one might
consider the notion of CCM-ness as a generalization of the Cohen–Macaulay property.
(b) Let M be a finitely generated A-module with dimM  2. Then M is a CCM module.
This follows since depthK(M) = dimM (cf. Proposition 2.3).
(c) By the result of Stanley (cf. [20, p. 88]) resp. by the result (cf. [19, Theorem 5.5])
any sequentially Cohen–Macaulay module is a CCM module.
(d) The approximately Cohen–Macaulay rings studied by Gôto (cf. [6]) are sequentially
Cohen–Macaulay of depthM  dimM − 1 and therefore CCM rings.
(e) Let (A,m) denote a complete Cohen–Macaulay local ring with d = dimA. Let M
be an A-module with dimM < d . Then we consider AM , the idealization of M over A.
That is, the additive group of A  M coincides with the direct sum of the abelian groups
A and M . The multiplication is given by
(a,m) · (b,n) := (ab, an+ bm).
Then A  M is a d-dimensional local ring with the maximal ideal m M , see [14, (1.1)]
or [2, 3.3.22] for these and related facts. So there is the following short exact sequence:
0 → 0  M → A  M → A → 0.
It is easily seen that A as an A  M-module is a Cohen–Macaulay module. By the change
of ring theorem for local cohomology there are the isomorphisms
HimM(0  M)  Him(M) and HimM(A)  Him(A)
for all i ∈ Z.Applying the local cohomology functor H ·mM(·) provides the following
isomorphisms:
HdmM(A  M)  Hdm(A) and HimM(A  M)  Him(M) for 0 i < d.
Therefore A  M is a CCM ring, while the modules of deficiency Ki(A  M), 0 i < d ,
may vary rather wide depending on the A-module M . In particular, let M denote t-
dimensional Cohen–Macaulay module with t < d . Then A  M is a CCM module of
dimension d and of depth t .
(f ) Let (A,m) a local ring as above. A finitely generated A-module M is a CCM module
if and only if Mx is a CCM module over Ax. Here x denotes a variable over A. This
follows easily by the virtue of Proposition 2.4.
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N.T. Cuong and L.T. Nhan introduced the notion of pseudo Cohen–Macaulay modules (cf.
[4, Definition 2.2]). Let N denote the largest submodule of M with dimension less than
dimM . Then (cf. [4, Theorem 3.1]), M/N is a Cohen–Macaulay module, i.e. M is CCM.
Note that a CCM ring A possesses a small Cohen–Macaulay module. That is a Cohen–
Macaulay module X such that dimA = depthX. Namely the canonical module K(A)
satisfies this requirement. So all the homological conjectures are true.
Next we are interested in some permanence properties of the CCM property.
Lemma 3.3. Let M be a finitely generated A-module. Suppose that A possesses a dualizing
complex. Let x ∈m be a strong M-filter regular element. Then the following statements are
true:
(a) Let M be a CCM module. Let p ∈ SuppM a prime ideal with dimM = dimMp +
dimA/p. Then Mp is also CCM.
(b) Let M be a CCM module and d = dimM  3. Then M/xM is also a CCM module.
(c) Suppose that M/xM is a CCM module and depthK(M)  3. Then M is a CCM
module.
Proof. The statement in (a) is a consequence of Proposition 2.2. Recall that the Cohen–
Macaulay property of K(M) localizes.
For the proof of (b) consider the short exact sequence of Proposition 2.4 in the case
i = d − 1. That is,
0 → K(M)/xK(M)→ K(M/xM) → 0 :Kd−1(M) x → 0.
The module K(M)/xK(M) is a Cohen–Macaulay module with dimK(M)/xK(M) 2
because of d  3. By the choice of x ∈m the module 0 :Kd−1(M) x is an A-module of finite
length. So the long exact local cohomology sequence provides 0 :Kd−1(M) x = 0. Recall
that depthK(M)/xK(M) 2. So there is an isomorphism K(M)/xK(M) = K(M/xM)
and K(M/xM) is a Cohen–Macaulay module.
The proof of (c) follows the same arguments as in the proof of (b). 
It is worth to notice that in the case of M a CCM module with dimM  3 it follows that
depthKd−1(M) > 0, d = dimM . It will be not sufficient as one might see by the following
example.
Example 3.4. Let (A,m) denote a d-dimensional local Buchsbaum ring with depthA =
d − 1 > 2. Then there are the following isomorphisms:
Him
(
K(A)
) Kd+1−i(A) for 2 i < d
(cf. [17, 3.1.3]). So A is a non-CCM ring, while Kd−1(K(A))= 0.
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As before let (A,m) denote a local ring possessing a dualizing complex D·A. For a
finitely generated A-module M , the induced homomorphisms of the cohomology of the
natural map
M → HomA
(
HomA(M,D·A),D·A
)
are isomorphisms for the cohomology. Let C· denote a bounded complex of A-modules
with finitely generated cohomology modules. For some technical applications we need to
compute the cohomology of complexes of the form HomA(C·,D·A). To this end there is
the following spectral sequence:
E
pq
1 = Hq
(
HomA
(
C·,DpA
))⇒ Ep+q∞ = Hp+q(HomA(C·,D·A)),
(cf. [5, Appendix 3, Part II] or [21, Section 5]). Because DpA is an injective A-module the
corresponding E2-term has the following form:
E
pq
2 = Hp
(
HomA
(
H−q(C·),D·A
))⇒ Ep+q∞ = Hp+q(HomA(C·,D·A)).
In the particular case of C· = HomA(M,D·A), the Ep,q2 -terms are K−p(Kq(M)), the
modules of deficiencies of the modules of deficiencies.
Definition 4.1. Let M be a finitely generated A-module and d = dimM . Because of
(HomA(M,D·A))i = 0 for all i < −d and H−d(HomA(M,D·A)) = K(M), there is a short
exact sequence of complexes
0 → K(M)[d] → HomA(M,D·A) → C·(M) → 0,
where C·(M) denotes the cokernel of the natural embedding. The complex C·(M) carries
as cohomology modules the modules of deficiencies, i.e.
Hi
(
C·(M))
{
K−i (M) for − d < i  0,
0 otherwise.
So we define C·(M) as the complex of deficiency of the R-module M .
Note that the A-module M is a Cohen–Macaulay module if and only if the complex
of deficiency C·(M) is homologically trivial. In the next result we want to derive a
characterization of the CCM property of a finitely generated A-module M in terms of
the complex of deficiency.
Proposition 4.2. Let M denote a finitely generated A-module M . Then M is a CCM module
if and only if Hi(Hom(C·(M),D·)) = 0 for all i  2.
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sequence of complexes:
0 → K(M)[d] → HomA(M,D·A) → C·(M) → 0.
Now we apply the dualizing functor Hom(·,D·A). Because the complex D·A is a bounded
complex of injective modules, it induces a short exact sequence of complexes
0 → Hom(C·(M),D·A)→ HomA(HomA(M,D·A),D·A)
→ HomA
(
K(M),D·A
)[−d] → 0.
Since D·A is a dualizing complex the canonical homomorphism,
M → HomA
(
HomA(M,D·A),D·A
)
induces an isomorphism in cohomology. So the previous short exact sequence of
complexes induces an exact sequence
0 → H 0(Hom(C·(M),D·A))→ M → K(K(M))→ H 1(Hom(C·(M),D·A))→ 0
and the isomorphisms
H−d+i
(
Hom
(
K(M),D·A
)) Hi+1(Hom(C·(M),D·A))
for i  1. Finally, the canonical module K(M) is a Cohen–Macaulay module if and only
if the modules of deficiency Kd−i (K(M))  H−d+i(Hom(K(M),D·A)) vanish for all
i  1. By the above isomorphisms this holds if and only if the cohomology modules
Hi(Hom(C·(M),D·A)) vanish for all i  2. By the definition of CCM, this proves the
equivalence of the statement. 
There are several particular sufficient conditions for a finitely generated A-module being
a CCM module. We will continue here with another one generalizing the result of [20,
Theorem 5.5].
Theorem 4.3. Let M be a finitely generated A-module. Suppose that depthKi(M) i − 1
for all 2  i < dimM . Then M is a CCM module, that is K(M) is a Cohen–Macaulay
module.
Proof. By view of Proposition 4.2 it will be enough to show that Hi(Hom(C·(M),D·A))
vanishes for all i  2. To this end we investigate the spectral sequence
E
pq = Hp(HomA(H−q(C·(M)),D·A))⇒Ep+q∞ = Hp+q(HomA(C·(M),D·A))2
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stages for r  2 defined as the homology of
E
p−r,q+r−1
r → Ep,qr → Ep+r,q−r+1r .
By the definition we have the isomorphisms K−p(Kq(M))  Epq2 for q = d and the
vanishing Ep,d2 = 0 for all p. By our assumption on the depth (that is depthKq(M) 
q−1) the initial terms Ep,q2 vanish for all −p < q−1. That means all the limit terms Ep+q∞
vanish in the range of p + q > 1. Since the corresponding filtration of the cohomology
modules Hp+q(HomA(C·(M),D·A)) is finite it proves the vanishing of the cohomology
for p + q > 1, as required. 
By the construction principle of Example 3.2 it will be easy to examine counterexamples
to the converse of Theorem 4.3. Moreover the spectral sequence considered in the proof of
Theorem 4.3 has another interesting application.
Theorem 4.4. Let M be an unmixed A-module and d = dimM . Suppose depthKi(M)
i − 1, 0 i < d . Then the following is true:
(a) Ki(M), 0 i < d is either zero or an (i − 1)-dimensional Cohen–Macaulay module
and K(M) is a Cohen–Macaulay module.
(b) There is a short exact sequence
0 → M → K(K(M))→ H 1(Hom(C·(M),D·A))→ 0.
(c) H 1(Hom(C·(M),D·A)) possesses a filtration {Mi},
0 ⊆ M0 ⊆ · · · ⊆ Md−1 = H 1
(
Hom
(
C·(M),D·A
))
,
such that Mi/Mi−1  Ki−1(Ki(M)), 0  i < d , is either zero or an (i − 1)-
dimensional Cohen–Macaulay module.
Proof. In the case M is an unmixed A-module it follows (cf. Proposition 2.2(c)) that
dimKi(M)  i − 1. So the assumption implies that Ki(M), 0  i < d , is either zero
or an (i − 1)-dimensional Cohen–Macaulay module. Since depthKi(M)  i − 1, for
2 i < dimM it follows (cf. Theorem 4.3) that K(M) is Cohen–Macaulay module. This
proves the statement in (a).
For the proof of (b) it will be enough to show that H 0(Hom(C·(M),D·A)) = 0 (cf. the
four term exact sequence in the proof of Proposition 4.2). The subsequent stages of the
spectral sequence
E
−q−r,q+r−1
r → E−q,qr → E−q+r,q−r+1r .
The module in the middle is a subqoutient of E−q,q2 = Kq(Kq(M)) = 0. That means the
limit term is zero. So the proof of (b) is shown.
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H 1(Hom(C·(M),D·A)). The subsequent stages are derived by the homology of the
complex are
E
−q+1−r,q+r−1
r → E−q+1,qr → E−q+1+r,q−r+1r .
The module at the left-hand side is a subqoutient of Kq−1+r (Kq+r−1(M)) = 0 since
dimKq+r−1(M) < q + r − 1. The module on the right-hand side is a subquotient of
Kq−1−r (Kq−r+1(M)) = 0 since depthKq−r+1(M) q − r . Therefore it follows that
Kq−1
(
Kq(M)
) E−q+1,q2  E−q+1,q∞ .
Moreover, the spectral sequence induces a filtration
0 ⊆ M0 ⊆ · · · ⊆ Md−1 = H 1
(
Hom
(
C·(M),D·A
))
of H 1(Hom(C·(M),D·A)) such that Mq/Mq−1  E−q+1,q∞ for all 0  q < d . By view
of (a), Kq(M) is either zero or a (q − 1)-dimensional Cohen–Macaulay module; it follows
that Kq−1(Kq(M)) is either zero or a (q −1)-dimensional Cohen–Macaulay module. This
completes the proof of (c). 
It is a surprising fact that under the assumptions of Theorem 4.4, the cokernel of the
canonical embedding M → K(K(M)) is a CMF module in the sense of [19] respectively a
sequentially Cohen–Macaulay module. Its dimension depends upon the local cohomology
of M . In fact, we have
dimH 1
(
Hom
(
C·(M),D·A
))= max{i < dimM ∣∣Him(M) = 0}− 1.
This follows easily by the exact sequence of Theorem 4.4 and the fact that the dimension
of the cohomology module is at most d − 2.
In order to continue, let us prove a general result about the cokernel of the natural
embedding 0 → M → K(K(M)). It gives a description in terms of intrinsic data of the
A-module M .
To this end, let us recall the following definition. Let N denote a submodule of a
finitely generated A-module M . Let N = N1 ∩ · · · ∩ Nr denote the reduced co-primary
decomposition of N . Then uM(N) denotes the intersection of all those Ni such that
dimM/Ni = dimM/N .
Lemma 4.5. Let M denote an unmixed finitely generated A-module. Then there is a short
exact sequence
0 → M → K(K(M))→ H 1(Hom(C·(M),D·A))→ 0
and an isomorphism
H 1
(
Hom
(
C·(M),D·A
)) uM(xM)/xM,
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dimH 1
(
Hom
(
C·(M),D·A
))
 dimM − 2.
Proof. The existence of the short exact sequence is shown in the proof of Theorem 4.4(b).
Recall that dimKq(M) < q for all q = dimM since M is unmixed (cf. Proposition 2.2).
For the proof of the isomorphism, we abbreviate H 1(Hom(C·(M),D·A)) by H . First of
all we show that dimH  d − 2, where d = dimM . Since M is unmixed, it follows that
dimM = dimMp + dimA/p for all prime ideals p ∈ SuppM . Let p ∈ SuppM denote a
prime ideal such that dimMp  1. Then Mp is a Cohen–Macaulay Ap-module as it is a
consequence of the unmixedness of M . Therefore Mp  K(K(Mp)) since Mp is Cohen–
Macaulay. By the functoriality of the above short exact sequence, it follows that Hp = 0.
But this means dimH  d − 2.
Because of dimH  d − 2, there exists an M-regular element x ∈ AnnH as
follows by prime avoidance arguments. Therefore there is a natural isomorphism H 
xK(K(M))/xM . But now xK(K(M)) ∩ M = xK(K(M)), as follows by the choice of
x ∈ AnnH . The multiplication map with respect to x induces an injection
0 → M/xK(K(M))∩M → K(K(M))/xK(K(M)).
Since K(K(M)) satisfies the condition S2, it follows that M/xK(K(M))∩M is unmixed.
Finally, a localization argument provides that uM(xM) = xK(K(M)) ∩ M . This finishes
the proof. 
The previous statements 4.4 and 4.5 prove the second result, Theorem 1.2 of the
introduction.
The following result describes a necessary and sufficient condition for a finitely
generated A-module M to be a CCM under the additional assumption of large depth.
Theorem 4.6. Let M be an unmixed A-module. Suppose that depthM  d − 1, where
d = dimM .
(a) There are a short exact sequence
0 → M → K(K(M))→ Kd−2(Kd−1(M))→ 0
and isomorphisms Kd−i (Kd(M))  Kd−2−i (Kd−1(M)) for all 1 < i < d .
(b) There is an isomorphism
Kd−2
(
Kd−1(M)
) uM(xM)/xM,
where x ∈ AnnK(K(M))/M denotes an M-regular element.
(c) The canonical module Kd(M) is Cohen–Macaulay if and only if Kd−1(M) is either
zero or a (d − 2)-dimensional Cohen–Macaulay module.
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0 → M → K(K(M))→ H 1(Hom(C·(M),D·A))→ 0
and for i  2 isomorphisms
H−d+i
(
Hom
(
K(M),D·A
)) Hi+1(Hom(C·(M),D·A))
(cf. the proof of Proposition 4.2). Moreover, the complex of deficiency C·(M) has
cohomology concentrated in degree −d + 1. Note that depthM  d − 1. So the
corresponding spectral sequence (cf. the beginning of this section) degenerates to
isomorphisms
Hi
(
Hom
(
C·(M),D·A
)) Kd−1−i(Kd−1(M))
for all i ∈ Z. By virtue of the previous isomorphisms, this proves the statement in (a).
The proof of the statement in (b) follows by view of Lemma 4.5. Recall that the cokernel
of the embedding M → K(K(M)) is isomorphic to Kd−2(Kd−1(M)), as shown in (a).
The conclusion in (c) is a consequence of (a) and the Cohen–Macaulay character-
ization by the vanishing of the corresponding modules of deficiency for Kd(M) and
Kd−1(M). 
It would be of a certain interest to give an interpretation of the cohomology modules
Hi(Hom(C·(M),D·)) in an intrinsic way similar to the case of i = 1 in Theorem 4.4(b)
and Lemma 4.5.
5. Birational Macaulayfications
Let (A,m) denote an arbitrary local domain. For the moment we do not assume the
existence of a dualizing complex. Let Q denote the field of quotients of A.
Definition 5.1. The local ring (A,m) has a birational Macaulayfication provided there is
an intermediate ring A ⊆ B ⊆ Q such that B is a (finitely) generated Cohen–Macaulay
module over A.
Remark 5.2. (a) Suppose that A possesses a birational Macaulayfication, then
SuppAB = SpecA.
Therefore A is catenary (cf. [2, 2.1.14]).
(b) Since B is a finitely generated A-module it is an integral extension. So B is a semi-
local ring and equi-codimensional, i.e. all the maximal ideals of B have the same height.
(c) Let (A,m) denote a local Nagata domain of dimension two. Then (A,m) possesses
a birational Macaulayfication. To this end, let B = lim Hom(mn,A) denote the global−→
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depthB = 2.
(d) Nagata’s example (cf. [14, Example 2]) is an example of a local two-dimensional
domain (A,m) which is not catenary. So A does not admit a birational Macaulayfication.
In this section, we want to characterize those local domains (A,m) that possesses
a birational Macaulayfication under the assumption of the existence of a dualizing
complex D·A. So from now on we assume again the existence of a dualizing complex.
Lemma 5.3. Let (A,m) denote a local d-dimensional domain possessing a dualizing
complex D·A.
(a) The endomorphism ring K(K(A))  Hom(K(A),K(A)) is a finitely generated
birational extension of A.
(b) The extension ring K(K(A)) satisfies the condition S2. There is a short exact sequence
0 → A → K(K(A))→ C → 0, where the map A → K(K(A)) is the natural map and
dimC  d − 2.
(c) Let A ⊆ B ⊆ Q denote a birational extension such that B is a finitely generated A-
module and satisfies S2. Then B  K(K(A)).
Proof. First note that by the definition of K(A) there is an exact sequence
0 → K(A)→ D−dA → D−d+1A .
Applying the functor Hom(K(A), ·) provides the exact sequence
0 → Hom(K(A),K(A))→ Hom(K(A),D−dA )→ Hom(K(A),D−d+1A ).
By the definition of K(K(A)), this proves the isomorphism of the statement in (a). The
canonical module K(A) of A is isomorphic to a fractional ideal (cf. [9]). So it follows
that the ring of endomorphisms Hom(K(A),K(A)) is a commutative birational extension
of A.
For the proof of (b), first note that K(K(A)) satisfies S2 (cf. Proposition 2.3). The short
exact sequence of the statement is shown above (cf. Lemma 4.5). By virtue of the duality
homomorphisms, it follows easily that the first homomorphism is given by
A → K(K(A)), a 
→ fa,
where fa denotes the multiplication map on K(A). Moreover, the cokernel C is isomorphic
to H 1(Hom(C·(A),D·)). So the result about the dimension is shown in Lemma 4.5.
Now let A ⊆ B ⊆ Q a birational Macaulayfication of A. Then the cokernel of the
embedding has dimension  d − 2 (cf. Lemma 4.5). So there are isomorphisms K(A) 
K(B) and K(K(A))  K(K(B)). But now (cf. [18, Theorem 1.10]) K(K(B))  B since
B satisfies S2 by the assumption. This completes the proof. 
By view of Lemma 5.3, there is some support for the following definition.
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A ⊆ B ⊆ Q satisfying the condition S2 is called a S2-fication.
Recall that S2-fications have been studied in several papers starting with the work of
Aoyama and Gotô (cf. [1]) and [17, Section 3.2]. In fact, Aoyama and Gotô (cf. [1]) have
considered the endomorphisms ring of K(A) under the more general assumption of the
existence of K(A).
The above result (cf. Lemma 5.3) shows that a local domain possessing a dualizing
complex D·A admits an S2-fication. It is uniquely determined up to (non-canonical)
isomorphisms (cf. Lemma 5.3).
Now we are prepared for the main result of this subsection. There will be a character-
ization of the CCM property for a local ring in terms of the S2-fication.
Theorem 5.5. Let (A,m) denote a local domain possessing a dualizing complex. Then A
is a CCM ring (i.e. the canonical module K(A) is a Cohen–Macaulay module) if and only
if the S2-fication is a Cohen–Macaulay ring.
Proof. First suppose that K(A) is a Cohen–Macaulay ring. Then K(K(A)) is a Cohen–
Macaulay module. Because of the isomorphism of K(K(A)) to the S2-fication and their
uniqueness (cf. Lemma 5.3) it follows that it is a Cohen–Macaulay ring.
Conversely let A ⊆ B ⊆ Q be an S2-fication that is a Cohen–Macaulay ring. Then it
follows (cf. Lemma 5.3) that B  K(K(A)). In particular, K(K(A)) is a Cohen–Macaulay
module. Therefore K(K(K(A))) is also a Cohen–Macaulay module. Since K(A) satisfies
the S2-condition, the natural homomorphism K(A) → K(K(K(A))) is an isomorphism
(cf. [18, Theorem 1.14]). Finally, this means that K(A) is a Cohen–Macaulay module. 
The previous theorem proves Theorem 1.1 of the introduction. It is noteworthy to say
that Aoyama and Gotô (cf. [1]) have proved a similar result under the slightly more general
assumption of the existence of the canonical module.
In order to complete the arguments of this section, we have to give an description of
an S2-fication in terms of data of the local domain (A,m). Here we do not assume the
existence of a dualizing complex. For an ideal I ⊂ A, we denote by uA(I) the intersection
of all the primary component of I whose dimension is equal to dimA/I .
Lemma 5.6. Let (A,m) denote a local domain possessing an S2-fication A ⊆ B ⊂ Q.
Then there is an element x = 0 such that B  u(xA). Moreover, there is an isomorphism
B/A  u(xA)/xA. This A-module is of dimension  dimA− 2.
Proof. Because A ⊆ B ⊆ Q is a birational extension dimB/A dimA−1. So there exists
a non-zero element x ∈m such that xB ⊆ A. Furthermore, the multiplication by x induces
an isomorphism B/A  xB ∩ A/xA. Now it will be easily seen that xB ∩ A = u(xA). So
it follows that dimB/A dimA− 2 and B  u(xA) as required. 
This is the local counterpart to Definition 5.4. We have here included a separate
argument for the sake of completeness.
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certain unconditioned strong d-sequence done by Gotô and Yamagishi (cf. [7, Section 5]).
In particular, they have proved a universal property for the existence of the S2-fication.
Following their approach, one might be able to generalize Lemmas 5.3 and 5.6. But this is
not used here.
6. Simplicial affine semigroup rings
In this section let k denote a field. Let S denote a finitely generated submonoid of the
additive monoid Nm, m a positive integer. The affine semigroup ring k[S] of S over k is
defined as the subring of k[x1, . . . , xm] generated by all monomials xs , s ∈ S. Let G(S)
denote the group generated by S in Zm. An affine semigroup S is called standard provided
the following conditions are satisfied:
(a) The normalization S of S is given by S = G(S) ∩ Nm.
(b) For i = 1, . . . ,m, the image of the projection πi on the ith component is a numerical
semigroup.
(c) For i = 1, . . . ,m, the semigroups Si = S ∩ kerπi are pairwise disjoint and have
rankG(Si) = rankG(S) − 1.
By the result of Hochster (cf. [11]), any semigroup is isomorphic to a standard semigroup.
In the rest of the paper we assume S to be a standard semigroup.
Clearly, the affine semigroup ring k[S] has the structure of a Nm-graded k-algebra. For
two sub-semigroups U and V of Zm define
U ± V = {u± v | u ∈ U,v ∈ V }
Moreover, we put S′ =⋂mi=1(S − Si). Then the following result is well known.
Proposition 6.1. With the previous notation the S2-fication of k[S] is given by k[S′]. So
there is a short exact sequence
0 → k[S] → k[S′] → k[S′ \ S] → 0,
where dimk[S′ \ S] k[S] − 2.
Proof. Define S′′ =⋂mi=0(S′ − Fi). Then it is easy to see that S′′ = S′. Therefore k[S′] is
an affine semigroup ring satisfying the S2-condition (cf. [16, Theorem 6.3]). So a graded
version of our considerations above provides the proof of the claim. 
In order to continue, let us recall the definition of a simplicial affine semigroup.
The affine semigroup S is called simplicial provided there is a homogeneous system of
parameters f1, . . . , fn, n = dimk[S], for k[S]. There are various equivalent conditions
(cf. [20]) for S a simplicial affine semigroup.
768 P. Schenzel / Journal of Algebra 275 (2004) 751–770Proposition 6.2. Let S denote a simplicial affine semigroup. Then k[S] is a Cohen–
Macaulay ring if and only if S = S′.
Proof. It will be enough to show that the S2-condition is sufficient for the Cohen–
Macaulayness of R = k[S]. Suppose that f1, . . . , fn is a homogeneous system of
parameters. Then it will be sufficient to show that f1, . . . , fn forms a regular sequence
for the case n 3. To this end, let g ∈ (f1, . . . , fi−1)R :R fi for a certain 2  i  n − 1.
Then gfi = hfj for some 1 j  i−1. Recall that there should be a homogeneous relation
among the elements. Two homogeneous elements coincide up to a non-zero scalar if and
only if the are of the same multi-degree. That means g ∈ fjR :R fi with j < i . Since R is
by assumption S2 it follows that fjR :R fi = fjR and g ∈ (f1, . . . , fi−1)R. 
In his paper (cf. [11]) Hochster has shown that an affine semigroup ring is Cohen–
Macaulay if k[S] is normal, i.e. S = S. By Serre’s criterion, k[S] is normal if and only if it
satisfies S2 and R1 (cf. for instance [14]). Without additional assumption on S, the above
result does not remain true.
Example 6.3 (cf. [11]). Let S = {(a, b, c, d)∈ N4 | a + b = c + d , a, b = 1}. Then k[S] is
a three-dimensional non-Cohen–Macaulay ring that satisfies S2.
With these preparations we are ready to prove the main result of this section.
Theorem 6.4. Let S denote a simplicial affine semigroup. Then k[S] is a CCM ring. In
particular, the birational Macaulayfication of k[S] is given by k[S′].
Proof. It will be enough to show that the canonical module of k[S] is a Cohen–Macaulay
module. To this end consider the short exact sequence
0 → k[S] → k[S′] → k[S′ \ S] → 0.
Since dimk[S′ \ S]  dimk[S] − 2, it induces an isomorphism K(k[S])  K(k[S′]).
Furthermore, S′ is a simplicial affine semigroup. Therefore k[S′] is a Cohen–Macaulay
ring (cf. Proposition 6.2). Recall that S′ = S′′. Whence K(k[S′]) is a Cohen–Macaulay
module. By the above isomorphism, this completes the proof. So finally k[S′] is a Cohen–
Macaulay ring. 
At the end of this section we want to continue with a few more examples illustrating the
significance of Theorem 6.4. To this end, we may write k[S]  k[x]/I (S) as a quotient of a
polynomial ring k[x], x = x1, . . . , xe, where e denotes the minimal numbers of generators
of S and I (S) denotes the ideal of vanishing of k[S]. Let m denote the minimal numbers
of generators of the ideal I (S).
Theorem 6.5. Let k[S] denote an affine simplicial semigroup ring of dimension d . Suppose
that k[S] is of codimension two, i.e. e = n + 2. Then Ki(K[S]) = 0 for all 0 i < n − 1.
Then k[S] is a Cohen–Macaulay ring if and only if m  3. Suppose that m > 3. Then
Kn−1(k[S]) is a (n − 2)-dimensional Cohen–Macaulay module.
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that k[S] is a Cohen–Macaulay ring if and only if m  3. Moreover, it is shown
(cf. [15, Theorem 2.3]) that depthk[S]  n − 1. This provides the vanishing of the
modules of deficiencies in the range indicated above. Now we have to show that
Kn−1(k[S]) is a (n − 2)-dimensional Cohen–Macaulay module. Since k[S] is an affine
simplicial semigroup, ring K(k[S]) is a Cohen–Macaulay module (cf. Theorem 6.4). This
finally implies that Kd−1(k[S]) is a (n − 2)-dimensional Cohen–Macaulay module (cf.
Theorem 4.6). 
The fact that Kn−1(k[S]) is a (n − 2)-dimensional Cohen–Macaulay module under
the circumstances of Theorem 6.5 was communicated to the author by M. Morales. In
an unpublished note he gave a different proof.
By the result of Peeva and Sturmfels (cf. [15]), it follows that depthA  dimA − 1 is
more general true for the case of lattice ideals. So one might ask whether Theorem 6.5
remains true more general for the case of lattice ideals. This is not the case.
Example 6.6 (cf. [15, Example 5.10]). Let R = k[a, b, c, d, e, f ] and
I = (b11c6 − ade8f 7, ab5c − d2e3f 2, bc4d3 − a3e2f 3, c3d5e − a4b4f,b6c5d − a2e5f 5,
a5b9 − c2d7e4f, c7d8 − a7b3ef 4).
Then I is a lattice ideal (cf. [15]). For the ring A = R/I , it turns out that dimA = 4,
depthA = 3 by a computation with SINGULAR. This was communicated by M. Morales,
who used his own program for affine rings to compute the depth. Moreover, the canonical
module K(A) is a four-dimensional module with depthK(A) = 3. This is in accordance
(cf. Theorem 4.6) with dimK3(A)= 2 and depthK3(A)= 1.
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